Abstract. Let u be a cyclic word in a free group F n of finite rank n that has the minimum length over all cyclic words in its automorphic orbit, and let N (u) be the cardinality of the set {v : |v| = |u| and v = φ(u) for some φ ∈ AutF n }. In this paper, we prove that N (u) is bounded by a polynomial function of degree 2n − 3 with respect to |u| under the hypothesis that if two letters x, y occur in u, then the total number of x and x −1 occurring in u is not equal to the total number of y and y −1 occurring in u. We also prove that 2n − 3 is the sharp bound on the degree of polynomials bounding N (u). As a special case, we deal with N (u) in F 2 under the same hypothesis.
Introduction
Let F n be the free group of a finite rank n on the set {x 1 , x 2 , . . . , x n }. We denote by Σ the set of letters of F n , that is, Σ = {x 1 , x 2 , . . . , x n } ±1 . As in [1] , we define a cyclic word to be a cyclically ordered set of letters with no pair of inverses adjacent. The length |w| of a cyclic word w is the number of elements in the cyclically ordered set. For a cyclic word w in F n , we denote the automorphic orbit {ψ(w) : ψ ∈ AutF n } by Orb AutF n (w).
The purpose of this paper is to present a partial solution of the following conjecture proposed by Myasnikov and Shpilrain [6] :
Conjecture. Let u be a cyclic word in F n which has the minimum length over all cyclic words in its automorphic orbit Orb AutF n (u), and let N (u) be the cardinality of the set {v ∈ Orb AutF n (u) : |v| = |u|}. Then N (u) is bounded by a polynomial function of degree 2n − 3 with respect to |u|.
This conjecture was motivated by the complexity of Whitehead's algorithm which decides whether, for given two elements in F n , there is an automorphism of F n that takes one element to the other. Proposing this conjecture, Myasnikov and Shpilrain [6] proved that N (u) is bounded by a polynomial with respect to |u| in F 2 . Later, Khan [2] improved their result by showing that N (u) has the sharp bound of 8|u| − 40 for |u| ≥ 9 in F 2 , by which the conjecture was settled in the affirmative for F 2 . For a free group of bigger rank, the author [3] recently proved that N (u) is bounded by a polynomial function of degree n(3n − 5)/2 with respect to |u| under the following Hypothesis 1.1. (i) A cyclic word u has the minimum length over all cyclic words in its automorphic orbit Orb AutF n (u).
(ii) If two letters x i (or x occurring in u is less than the total number of x j and x −1 j occurring in u.
In the present paper, we prove under the same hypothesis that N (u) is bounded by a polynomial function of degree 2n − 3 with respect to |u|, and that 2n − 3 is the sharp bound on the degree of polynomials bounding N (u): Theorem 1.2. Let u be a cyclic word in F n that satisfies Hypothesis 1.1, and let N (u) be the cardinality of the set {v ∈ Orb AutF n (u) : |v| = |u|}. Then N (u) is bounded by a polynomial function of degree 2n − 3 with respect to |u|. Theorem 1.3. Let u be a cyclic word in F n that satisfies Hypothesis 1.1, and let N (u) be the cardinality of the set {v ∈ Orb AutF n (u) : |v| = |u|}. Then 2n − 3 is the sharp bound on the degree of polynomials bounding N (u).
As a special case, we deal with N (u) in F 2 :
Theorem 1.4. Let u be a cyclic word in F 2 that satisfies Hypothesis 1.1, and let N (u) be the cardinality of the set {v ∈ Orb AutF 2 (u) : |v| = |u|}. Then N (u) has the sharp bound of 8|u| − 40
for |u| ≥ 9.
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The same technique as used in [3] is applied to the proofs of these theorems. The proofs will appear in Sections 3-5. In Section 2, we will establish a couple of technical lemmas which play an important role in the proof of Theorem 2. Now we would like to recall several definitions. We first recall that a Whitehead automorphism σ of F n is an automorphism of one of the following two types (see [4, 7] ):
(W1) σ permutes elements in Σ.
(W2) σ is defined by a set S ⊂ Σ and a letter a ∈ Σ with a ∈ S and a −1 / ∈ S in such a way
If σ is of type (W2), then it is conventional to write σ = (S, a). However throughout this paper as in [3] , for the sake of brevity of notation we will write σ = (S − a, a) for σ = (S, a). By (Ā, a −1 ), we mean a Whitehead automorphism (Σ − A − a ±1 , a −1 ). It is then easy to see that (A, a)(w) = (Ā, a −1 )(w) for any cyclic word w in F n .
We also recall the definition of the degree of a Whitehead automorphism of the second type (see [3] ): Definition 1.5. Let σ = (A, a) be a Whitehead automorphism of F n of the second type. Put
∈ A, but not both}. Then the degree of σ is defined to be max A ′ .
If A ′ = ∅, then the degree of σ is defined to be zero.
For a cyclic word w in F n that satisfies Hypothesis 1.1 (i), two letters x, y ∈ Σ are said to be dependent with respect to w if, for any Whitehead automorphism (A, a) with a = x ±1 and a = y
±1
such that |(A, a)(v)| = |w| for some v ∈ Orb AutF n (w) with |v| = |w|, we have that if both x and x −1 belong to A, then at least one of y and y −1 belongs to A and that if both y and y −1 belong to A, then at least one of x and x −1 belongs to A. Obviously x and x −1 are dependent with respect to w for every x ∈ Σ. We then construct the dependence graph Γ w of w as follows: Take the vertex set as Σ, and connect two distinct vertices x, y ∈ Σ by a non-oriented edge if x and y are dependent with respect to w.
Assume that the dependence graph Γ w of w consists of m connected components C 1 , . . . , C m .
Then there exists a unique factorization
non-empty non-cyclic word consisting of letters in
By the syllable length of w denoted by |w| s , we mean the total number of syllables of w.
Preliminary Lemmas
Throughout this section, a Whitehead automorphism σ of F n of degree i means that σ has multiplier x j or x −1 j with j > i as well as deg σ = i. For two automorphisms φ and ψ of F n , by writing φ ≡ ψ we mean the equality of φ and ψ over all cyclic words in F n , that is, φ(u) = ψ(u) for any cyclic word u in F n . Let v be a cyclic word in F n such that v has the minimum length over all cyclic words in its automorphic orbit Orb AutF n (v), and such that if two letters x i (or x occurring in v is less than or equal to the total number of x j and x
to be the cardinality of the set Ω k (v) = {φ(v) : φ is a composition of Whitehead automorphisms
Lemma 2.1. Under the foregoing notation, M 1 (v) is bounded by a polynomial function of degree n − 1 with respect to |v|.
Proof. Let ℓ i be the number of occurrences of
So it is enough to prove that
). Noting that the syllable length
Obviously the cardinality of the set Λ is (n − 1)!. For an appropriate v ′ ∈ Λ, there exist Whitehead automorphisms σ i of degree 0 and τ j of degree 1 such that
where
and
Here, the same reasoning as in [3, Lemma 2.5] shows that
where A ij = A ij ′ for all 1 ≤ j, j ′ ≤ q i , and x 1 ∈ A i1 A i+11 . Then for a fixed w, we may assume without loss of generality that the index r in (2.2) is minimum over all chains satisfying (2.1) and (2.2). Since the choice of the element v ′ in Λ, the Whitehead automorphisms σ 1 , . . . , σ p , and the index r in (2.1)-(2.2) depends only on w, we put
, and r w = r.
It is easy to see that r w is at most n − 1.
For r = 1, . . . , n−1, let L r be the cardinality of the set {ψ w (v
with r w = r}. In view of (2.1)-(2.2), we have
since the number of possible A ij and the index q i in (2.2) are less than or equal to 2 n−1 and |v|, respectively, for each i = 1, . . . , r. Hence it is enough to prove that L r is bounded by a polynomial 
3)
where b
. Now let h i be the half of the cardinality of the set E i for i = 2, . . . , r, and put h = 
. . , r − 1 and by |v| n−(h+1)−1 provided j = r. Moreover the number of cyclic words derived from σ 1 applied to v ′ w is bounded by n − 2. Therefore we have from (2.3) that
which is a polynomial function in |v| of degree n − r − 1, as required.
Remark. The proof of Lemma 2.1 can be applied without further change if we replace consideration of a single cyclic word v, the length |v| of v, and the total number of occurrences of x in v for i = 1, . . . , n. Since
As in the proof of Lemma 2.1, put Λ = {v
Then for an appropriate v ′ ∈ Λ, there exist Whitehead automorphisms γ i of F n such that
where deg 
where γ 0 is either the identity or a Whitehead automorphism of F n of degree 0 with multiplier x 1 or x −1 1 , and none of γ j for 1 ≤ j ≤ q has multiplier x 1 or x −1
(Note that u 1 and u 2 are non-cyclic subwords in {x 2 , . . . , x n } ±1 .) Let F n+1 be the free group on the set {x 1 , . . . , x n+1 }. From (2.5) we construct a sequence (v 1 , v 2 ) of cyclic words v 1 , v 2 in F n+1
with |v 1 | + |v 2 | = 2|v| as follows:
For each γ j = (D j , d j ) for 1 ≤ j ≤ q, define a Whitehead automorphism ε j of F n+1 as follows: 
for all 1 ≤ j ≤ q. Moreover, by the construction of ε j , ε j is a Whitehead automorphism of F n+1 of degree at most k, and the defining set of ε j contains either both of x
This yields the same situation as for a chain of Whitehead automorphisms of F n+1 of maximum degree k − 1. Hence by the induction hypothesis together with the Remark after Lemma 2.1,
) is bounded by (n − 2) times a polynomial function in 2|v| of degree (n + 1) + (k − 1) − 2 = n + k − 2, as required.
Proof of Theorem 1.2
Without loss of generality we may assume that the syllable length |u| s of u is minimum over all cyclic words in the set {v ∈ Orb AutF n (u) :
Due to the result of [3, Theorem 1.3] , there exist Whitehead automorphisms π of the first type and τ 1 , . . . , τ s of the second type such that
where C is the number of Whitehead automorphisms of F n of the first type (which depends only on n), and M k (u) is as defined in Section 2. The result of [3, Lemma 2.5] shows that M 0 (u) is bounded by a polynomial function in |u| of degree n − 2. Also by Lemmas 2.1 and 2.2, M k (u) for each k = 1, . . . , n − 1 is bounded by a polynomial function in |u| of degree n + k − 1. Then the required result follows from (3.1).
Proof of Theorem 1.3
In [6], Myasnikov and Shpilrain pointed out that experimental data show that the maximum value of N (u) in F 3 is 48|u| 3 − 480|u| 2 + 1140|u| − 672 if |u| ≥ 11 and this maximum occurs at
Inspired by this result, we let
with ℓ ≫ 1 in F n . Note that u satisfies Hypothesis 1.1. For this u, we will prove that N (u) cannot be bounded by a polynomial function in |u| of degree less than 2n − 3. For each i = 2, . . . , n − 1 and j = 1, . . . , n − 1, let
then σ i and τ j are Whitehead automorphisms of F n of degree 0 and degree j, respectively. Then the total number of cyclic words derived from automorphisms of F n of the form τ
, which completes the proof.
Proof of Theorem 1.4
Let us assume that the syllable length |u| s of u is minimum over all cyclic words in the set {v ∈ Orb AutF 2 (u) : |v| = |u|}. Note that M 0 (u) = 1 in F 2 , where M 0 (u) is as defined in Section 2.
Also every Whitehead automorphism of F 2 of degree 1 is equal to either ({x 1 }, x 2 ) or ({x 1 }, x 
